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Abstract. This paper investigates the propagation of cosmological gravitational waves
interacting with free-streaming neutrinos within the context of Horndeski theories of gravity
constrained by the detection of GW170817. We apply the theory of cosmological perturbations
to explicitly derive the Einstein-Boltzmann equation for the damped propagation of first-
order transverse traceless gravitational waves. In contrast to general relativity, we argue
that modified gravity can give rise to non-vanishing free-streaming damping effects during
the cosmological matter dominated era. We also provide an analytic formula for the main
multipole order with which modified gravity and free-streaming neutrinos damp the variety
of tensor correlation functions of the cosmic microwave background.
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1 Introduction
Today’s expansion of the universe [1, 2], light element abundance [3–5] and temperature
anisotropies on cosmic microwave background (CMB) [6–12] are observational evidence accu-
rately described in the context of the standard cosmological (ΛCDM) model of the hot Big
Bang [13, 14]. Within this model, the theory of general relativity (GR) is the standard theory
of gravity [15], and the existence of unknown cosmological constant (Λ) and cold dark matter
(CDM) energy components is required to fit the growing amount of data provided by a wide
range of cosmological probes [16–19]. Despite its observational successes, the ΛCDM model
exhibits deep theoretical difficulties involving, among others, questions such as the validity
of GR on large scales of the universe [20] and the consistence of the inflationary picture [21]
concerning the early origin of the cosmos [22]. These subjects have been largely studied over
the past century, and several gravitational theories alternative to GR have been proposed [23]
as possible approach to address some of these outstanding problems.
Scalar-tensor (ST) theories [23] hold a prominent role with respect to these issues. Such
modified gravity theories extend GR by introducing one or more additional scalar degrees
of freedom [24], and their structure must be defined avoiding the presence of the so-called
Ostrogradsky ghost instabilities [25]. Among the most sophisticated ghost-free ST frameworks
developed for a single scalar degree of freedom, researchers especially focus on the so-called
Horndeski or “generalized Galileon” theories [26]. These theories are the most general four-
dimensional covariant ST theories of gravity yielding up to second-order equations of motion
[27], a sufficient requirement to avoid Ostrogradski ghost. It is worth noticing that such
theories include GR, quintessence, k-essence, f(R) gravity, Brans-Dicke (BD) theories, and
Galileons [28] as special cases.
Generally, theories of modified gravity are characterized by different theoretical predic-
tions for the propagation speed cGW of gravitational waves (GWs). In view of this evidence,
the strong constraint −3 × 10−15 ≤ cGW /c − 1 ≤ 7 × 10−16, imposed by the recent multi-
messenger detection of the gravitational GW170817 and electromagnetic GRB170817A signals
emitted by neutron star mergers [29, 30], has ruled out all the theories predicting cGW which
differs from the speed c of light. More specifically, the impact of this bound on the Horndeski
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framework has been studied in refs. [31–34], that found precise mathematical relations among
the free functions of the Horndeski theories. In the following sections, we refer to such set of
survived theories as the “restricted” Horndeski framework.
At the dawn of the new era of “multi-messenger astronomy” [35, 36], scientists may
investigate the cosmology of the early universe with innovative methods and experiments
[37] by making use of newly combined information resulting from both electromagnetic and
gravitational radiation. In addition, the detection of primordial gravitational waves (PGWs)
could provide fundamental information about the validity of numerous inflationary [38] and
modified gravity models [39]. In this respect, the observation of the inflationary gravitational
wave background (IGWB) [40] could give a precise evidence of quantum gravity phenomenon
[41]. Although PGWs are yet to be detected, it is expected that future generations of inter-
ferometers such as the Laser Interferometer Space Antenna (LISA) [42] and the Deci-hertz
Interferometer Gravitational Wave Observatory (DECIGO) [43] could get closer to the ex-
perimental sensibility to detect them or place strong constraints on their amplitudes.
Against this backdrop, it is important that how PGWs travel through our universe be
studied in view of modeling physical phenomena that modify their dynamics and, conse-
quently, the physical information they transport. A non-negligible alteration is given by the
damping effect sourced by the interaction of GWs with cosmological free-streaming neutrinos
[44, 45], decoupled from electrons, positrons and photons at Tdec ∼ 2 Mev. More specifically,
first-order transverse traceless terms in the neutrino anisotropic stress energy-momentum ten-
sor modify the amplitude of GWs, as shown in the context of GR by ref. [46]. As a result, such
interaction affects the main multipole order ℓk which appears in various correlation functions
related to GWs signatures on CMB [47–49].
Among other possible alterations, it has been verified that a wide range of modified
gravity theories may predict significant changes on the propagation of cosmological GWs [50–
52]. As many inflationary models have been built based on such theories, modified gravity
effects must be considered in order to analyze the main mechanisms of PGWs production,
propagation, and modification.
In this paper, we present a groundwork study on how the combined coexistence of these
two types of sources, i.e., the modification of GR theory and the streaming of free cosmological
neutrinos, damps the amplitude of PGWs. We elaborate an extension of the results obtained
by ref. [46] within the restricted Horndeski framework. We obtain a mathematical expression
for the multipole order ℓk and derive the generalization of the Einstein-Boltzmann integro-
differential equation for the propagation of damped cosmological GWs. Interestingly, we
reach these results by maintaining total generality, without fixing a specific profile for the free
functions of the restricted Horndeski theories.
The manuscript is organized as follows. In section 2, we discuss the restricted Horndeski
framework and deduce the associated covariant scalar-tensor field equations. Then, in section
3, we use the abovementioned results to study, up to the first order, the propagation of
cosmological gravitational waves interacting with free-streaming neutrinos embedded in an
FLRW cosmology. In section 4, we obtain the generalization of the Einstein-Boltzmann
equation for the damped propagation of cosmological GWs. Subsequently, a generalized
analytic formula is deduced for the CMB multipole order ℓk. Finally, we close our analysis in
the section 5.
In this work, we use the metric signature (−,+,+,+) and set the speed of light to unit.
Greek indices run from 0 to 3, whereas Latin ones run from 1 to 3 and label spatial coordinates.
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2 Restricted Horndeski theories
The restricted Horndeski (rH) theories correspond to the most general Horndeski ST frame-
work consistent with the tensor propagation speed cGW = 1 [31–33]. In this article, we focus
on the action for rH theories that reads
SrH ≡
∫
d4x
√−g
[
1
16πG
4∑
i=2
Li
rH
+ Lm
]
, (2.1)
where g is the determinant of the metric tensor gµν , G is the gravitational constant, Lm is
the matter Lagrangian density, and
L2
rH
≡ G2(X,ϕ) L3rH ≡ −G3(X,ϕ)✷ϕ L4rH ≡ G4(ϕ)R . (2.2)
We identify R as the Ricci scalar, and the symbols ∇µ and ✷ ≡ ∇µ∇µ stand for the covariant
derivative and the d’Alembert operator, respectively.
As shown in the above definition (2.2), the three free functions Gi depend on the scalar
field ϕ and the canonical kinetic term X ≡ −12∇µϕ∇µϕ.
Clearly, by imposing the condition
G2(X,ϕ) = 0 G3(X,ϕ) = 0 G4(ϕ) = 1 , (2.3)
the well-known Einstein-Hilbert action for GR is recovered.
Oftentimes, the attempt to predict physical observables from general frameworks such as
action (2.1) requires setting case-specific profiles for the free functions and taking dedicated
couplings of Lm with the other fields of the theory. For simplification purposes, in this case
we just assume Lm to be coupled with the metric tensor only.
2.1 Covariant field equations
Starting from action (2.1), in this section, we obtain the explicit expression for the covariant
field equations of motion. Variation of action (2.1) with respect to the scalar field δS/δϕ = 0
leads to the scalar field equation [53, 54]
J = 0 , (2.4)
with
J ≡
4∑
i=2
[
∇µj iµ − p iϕ
]
. (2.5)
In eq. (2.5) we identify the elementary currents jiµ and the elementary scalars p
i
ϕ as
j2µ = −L2X∇µϕ , (2.6)
j3µ = −L3X∇µϕ+G3X∇µX + 2G3ϕ∇µϕ , (2.7)
j4µ = 0 , (2.8)
and
p2ϕ = G2ϕ , (2.9)
p3ϕ = ∇µG3ϕ∇µϕ , (2.10)
p4ϕ = G4ϕR , (2.11)
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with GiX ≡ ∂Gi/∂X, Gi,ϕ ≡ ∂Gi/∂ϕ and LiX ≡ ∂Li/∂X. Note that in the case of a purely
shift-symmetric theory, G4 = const, as well as G2,3 = G2,3(X), and therefore p
i
ϕ = 0.
Similarly, variation of action (2.1) with respect to the metric tensor δS/δgµν = 0 leads
to the tensor covariant field equation
Hµν = 0 , (2.12)
with
Hµν ≡
4∑
i=2
h iµν − 8πGTµν . (2.13)
In eq. (2.13), Tµν is the energy-momentum tensor defined as
T µν ≡ 2√−g
δ(
√−gLm)
δgµν
, (2.14)
and the three tensor densities h iµν have expression
h2µν = −12G2X∇µϕ∇νϕ− 12G2gµν , (2.15)
h3µν =
1
2G3X✷ϕ∇µϕ∇νϕ+ 12∇µG3∇νϕ+ 12∇νG3∇µϕ− 12gµν∇αG3∇αϕ , (2.16)
h4µν = G4Gµν + gµν (G4ϕ✷ϕ− 2XG4ϕϕ)−G4ϕ∇µ∇νϕ−G4ϕϕ∇µϕ∇νϕ , (2.17)
with Gµν as the standard Einstein tensor. Substituting the above expressions for j
i
µ, p
i
ϕ, and
h iµν in eqs. (2.4) and (2.12), one can easily verify that they are defined up to second-order
derivatives, so no ghost instabilities are propagated.
As Lm is assumed to be coupled only with the metric, the energy-momentum tensor
(2.14) satisfies the conservation law
Tµ = 0 , (2.18)
with Tµ ≡ ∇νTνµ.
3 FLRW background and tensor perturbations
In the context of the theory of cosmological perturbations, let us consider tensor perturbations
around a spatially flat Friedmann Lemaître RobertsonWalker (FLRW) background spacetime.
Generally, these perturbations can be described up to the first order by the perturbed non-
vanishing metric components
g00 = g
(0)
00 gij = g
(0)
ij + g
(1)
ij , (3.1)
with
g
(0)
00 = −1 g(0)ij = a2δij g(1)ij = a2hij . (3.2)
As usual, a ≡ a(t) is the scale factor, δij is the Kronecker delta function, and hij ≡ hij(~x, t)
is treated as a small perturbation |hij | ≪ 1. We assume that the scalar field ϕ contributes
only to background dynamics and therefore its profile is purely isotropic:
ϕ = ψ(t) . (3.3)
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Hereafter, we refer to background and first-order perturbed quantities using, respectively, the
superscripts (0) ∼ O(1) and (1) ∼ O(h).
For the purposes of this analysis, we also consider the perturbations of the energy-
momentum tensor Tµν around a cosmological perfect fluid background. Up to the first order,
the only non-vanishing components are
T00 = T
(0)
00 Tij = T
(0)
ij + T
(1)
ij , (3.4)
with
T
(0)
00 = ρ T
(0)
ij = a
2Pδij T
(1)
ij = a
2
[
Phij + πij
]
, (3.5)
where ρ = ρ(t) is the background energy density and P = P (t) is the pressure. It is worth
noticing that in eq. (3.5), we identify with πij ≡ πij(~x, t) all the first-order anisotropic
contributions to the energy-momentum tensor. For a perfect fluid πij = 0.
Using eqs. (3.1), (3.3), and (3.4), we can perturb the field equations (2.4), (2.12) and
(2.18) up to the first order as
J (0) + J (1) = 0 H(0)µν +H(1)µν = 0 T (0)µ + T (1)µ = 0 . (3.6)
In this article we work in the so-called transverse traceless (TT) gauge, considering only
tensor perturbations such that
hii = 0 ∂
ihij = 0 π
i
i = 0 ∂
iπij = 0 , (3.7)
with hii = δ
ijhij and π
i
i = δ
ijπij null traces.
By combining each perturbative order of eqs. (3.2), (3.5), and (3.3) with eq. (3.6), we
obtain the non-trivial background cosmological equations
J (0) = 0 H(0)00 = 0 H(0)ij = 0 T (0)0 = 0 , (3.8)
and the non-trivial first-order TT equation
H(1)ij = 0 . (3.9)
3.1 Background cosmology
By referring to expression (3.8), the set of functionally independent cosmological equations is
composed of a conservation law and two modified Fridmann equations
ρ˙(t) = −3H(t)[ρ(t) + P (t)] , (3.10)
H2(t) + λ1(t)H(t) + λ2(t) =
8
3π G(t)ρ(t) , (3.11)
H˙(t) +H2(t) + λ3(t)H(t) + λ4(t) = −43π G(t)
[
ρ(t) + 3P (t)
]
, (3.12)
where H ≡ a˙/a is the Hubble expansion rate and G ≡ G/G4(0) is the running gravitational
constant.1 Dot denotes the derivative with respect to the time coordinate. The explicit
1Eq. (3.10) correspond to the conservation law T
(0)
0 = 0, and eqs. (3.11) and (3.12) can be identified as the
modified Fridmann equations H
(0)
00 = 0 and −
1
2a2
H
(0)
ij −
1
6
H
(0)
00 = 0. Background components (3.8) are not
functionally independent because H˙
(0)
00 + 3 a˙a
−1(H
(0)
00 +H
(0)
ij a
−2) + 1
2
ψ˙J (0) − 8piGT
(0)
0 = 0.
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mathematical expressions for cosmological coefficients λi are given by
λ1 ≡
[
G
(0)
4ϕ ψ˙ − 12G
(0)
3X ψ˙
3
]
G
(0)−1
4 , (3.13)
λ2 ≡
[
1
6G
(0)
2 − 16G
(0)
2X ψ˙
2 + 16G
(0)
3ϕ ψ˙
2
]
G
(0)−1
4 , (3.14)
λ3 ≡
[
1
2G
(0)
4ϕ ψ˙ +
1
4G
(0)
3X ψ˙
3
]
G
(0)−1
4 , (3.15)
λ4 ≡
[
1
6G
(0)
2 − 14G
(0)
3X ψ¨ψ˙
2 − 13G
(0)
3ϕ ψ˙
2 + 12G
(0)
4ϕ ψ¨ +
1
2G
(0)
4ϕϕψ˙
2
]
G
(0)−1
4 . (3.16)
with Gi
(0) = Gi(ψ,X
(0)), which depend only on the time coordinate through their dependence
on ψ(t) and X(0)(t) = 12 ψ˙
2(t). To avoid divergences on the right-hand sides of the above
definitions, we require that G4
(0) 6= 0. Relation (2.3) also shows that in the GR limit, the
standard Fridmann equations [15] are recovered because G = G and λi = 0.
Considering that we have three eqs. (3.10), (3.11), and (3.12), for the four unknown
functions (a, P, ρ, ψ), we need an additional equation of state (EOS). Decomposing P ≡∑i Pi
and ρ ≡∑i ρi as the sum of separate sources, we assume the so-called barotropic EOS:
Pi(t) ≡ wi ρi(t) , (3.17)
where wi is a constant so that wm = 0 leads to a vanishing pressure, Pm, corresponding to
the matter dominated (m) model, and wγ = wν = 1/3, the radiation-dominated model. By
referring to radiation, we mean photons (γ) and neutrinos (ν).
From eqs. (3.10) and (3.17), it follows that
ρi(t) = ρ0,i
[
a0
a(t)
]3(1+wi)
, (3.18)
with a0 ≡ a(t0) and ρ0,i ≡ ρi(t0). Hereafter, the subscript zero denotes quantities evaluated
at present day epoch t0.
After a little algebra with eq. (3.18), we put eq. (3.11) in the form
H2(t) + λ1(t)H(t) + λ2(t) = E
2(t)Π0H
2
0 , (3.19)
where we identify
E2(t) ≡
[
a0
a(t)
]3 Ω0m
Ω0
+
[
a0
a(t)
]4 Ω0γ +Ω0ν
Ω0
, (3.20)
and
Π(t) ≡ 1 + λ1(t)
H(t)
+
λ2(t)
H2(t)
, (3.21)
with Ωi ≡ ρi/̺c being the density parameters defined in terms of the critical density ̺c ≡
3H2/(8πG). Generally, one can note that the density parameters Ωi can be related to their
respective modified density parameters ωi ≡ ρi/ρc through the mathematical relation
ωi(t) =
1
Π(t)G
(0)
4 (t)
Ωi(t) , (3.22)
where ρc ≡ ΠG4(0)̺c is the modified critical density, so that eq. (3.11) can be alternatively
rewritten as ∑
i
ωi(t)
ω(t)
=
∑
i
Ωi(t)
Ω(t)
= 1 . (3.23)
Here, ω ≡ ∑i ωi and Ω ≡ ∑iΩi. One can observe therefore that in the GR limit (2.3), we
have Π = 1, and hence ρc = ̺c as well as ωi = Ωi.
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3.2 Tensor modes and first-order free-streaming neutrinos anisotropic inertia
In the presence of TT terms in the anisotropic stress tensor, eq. (3.9) leads to
h¨ij(~x, t) +
[
3
a˙(t)
a(t)
+ κ(t)
]
h˙ij(~x, t)− ∇
2hij(~x, t)
a2(t)
= 16π G(t)πij(~x, t) , (3.24)
where ∇2 ≡ ∂k∂k is the Laplacian operator and κ ≡ G4ϕ(0)ψ˙/G4(0) is a shear viscosity
parameter introduced by the rH framework.2 Clearly, κ = 0 in the GR limit (2.3).
To proceed further, we consider the Fourier expansions
hij(~k, t) ≡
∫
d3k
(2π)3
e i
~k·~xhij(~x, t) πij(~k, t) ≡
∫
d3k
(2π)3
e i
~k·~xπij(~x, t) , (3.25)
and the new time coordinate
u(t) ≡ kη(t), (3.26)
where ~k is a co-moving wave number with k ≡ |~k|, η(t) ≡ ∫ tt∗dτ/a(τ) is the conformal time,
and t∗ is an arbitrary time scale. Thus, in the Fourier space (u,~k) eq. (3.24) becomes
d2hij(u,~k)
du2
+
[
2
a(u)
da(u)
du
+ κ(u)
]
dhij(u,~k)
du
+ hij(u,~k) = 16πG(u)a
2(u)
k2
πij(u,~k) . (3.27)
From expression (3.27), it is clear that, in the context of rH theories, interactions of GWs with
matter or radiation fields are possible only with a non-vanishing anisotropic contribution πij
to the energy-momentum tensor.
In this respect, cosmological free-streaming neutrinos, decoupled with positrons, elec-
trons, and photons at the time udec ∼ 0 (Tdec ∼ 2Mev), are one possible source of such
anisotropic contribution. As shown by refs. [46–48], when treating relativistic neutrino gas
by classical kinetic theory, the linearized collisionless Boltzmann equation gives
πij(u) = −4ρν(u)
∫ u
0
K[U − u] dhij(U)
dU
dU , (3.28)
where ρν indicates the neutrino energy density and K is the kernel
K[s] ≡ −sin s
s3
− 3cos s
s4
+ 3
sin s
s5
. (3.29)
4 Damping of tensor modes caused by free-streaming neutrinos
Assuming that at the initial time udec all modes of cosmological interest are out of the cos-
mological horizon; i.e., k ≪ aH, and following the same procedure described by ref. [47], one
finds that if 1/(a2G
(0)
4 ) behaves like a decay mode that rapidly approaches zero, then outside
the horizon, hij remains constant. Therefore, taking on this hypothesis; i.e., after the end
of inflation, the amplitude of tensor fluctuations is conserved until the mode re-enters the
horizon, one can conclude that [46]
hij(u) ≡ hij(0)χ(u) , (4.1)
2Eq. (3.24) corresponds to 2a−2(H
(1)
ij −
1
3
H
(0)
mnδ
mnhij) = 0
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which computed inside eq. (3.27) gives the Einstein-Boltzmann equation:
χ′′(u)+
[
2
a′(u)
a(u)
+ κ(u)
]
χ′(u)+χ(u) = −64πG(u)a
2(u)
k2
ρν(u)
∫ u
0
K[U −u]χ′(U) dU , (4.2)
with χ(0) = χ′(0) = 0. For simplification purposes, from now on we use primes to indicate
derivatives with respect to arguments we are focusing on. As eq. (4.2) is balanced by ρν , it is
useful to introduce the neutrino distribution density fν(u) ≡ ρν(u)/ρ(u), which inserted into
the modified Fridmann eq. (3.11) yields
ρν(u) =
3 k2
8π a2(u)G(u)fν(u)Υk(u) , (4.3)
with
Υk(u) ≡ λ1(u)a
′(u)
k
+ λ2(u)
a2(u)
k2
+
a′ 2(u)
a2(u)
. (4.4)
From eqs. (4.3) and (4.2), it follows that
χ′′(u) +
[
2
a′(u)
a(u)
+ κ(u)
]
χ′(u) + χ(u) = −24fν(u)Υk(u)
∫ u
0
K[U − u]χ′(U) dU , (4.5)
where the dependence on the running gravitational constant G disappears. The GR limit of
our eq. (4.5) has been used by the authors of refs. [46, 47] to study the damping of GWs
whose wavelengths are short enough to re-enter the cosmological horizon during the radiation
dominated era.
To move on and deal with GWs that enter the cosmological horizon during the matter
dominated era, let us introduce the new scalar variable
y(u) ≡ a(u)
aeq
, (4.6)
where we have identified aeq ≡ a(teq) with teq as the matter-radiation equivalence time such
that ρm(teq) = ργ(teq) + ρν(teq). The explicit mathematical relation between y and the u
variable can be obtained by solving the modified Fridmann eq. (3.11), which appropriately
worked, can be expressed as follows
y′′(u)2 +Ak λ1(u) y2(u) y′(u) +A2k λ2(u) y4(u) =
y(u) + 1
Q2k
. (4.7)
The time-independent coefficients Ak and Q2k are
Ak ≡ a0
k(1 + zeq)
Q2k ≡
k2 Ω0
a20H
2
0 Π0 Ω0m (1 + zeq)
, (4.8)
with zeq ≡ z(teq) the matter-radiation equivalence redshift such that 1 + zeq = a0/aeq.
After some algebraic manipulations, eq. (4.7) can be simplified to read
u′±(y) =
Qk√
y + 1

−Z λ1(y) y2√
y + 1
±
√
1 + Z2
[
λ21(y)− 4λ2(y)
]
y4
y + 1


−1
, (4.9)
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with
Z ≡ 1
2
AkQk (4.10)
which, as shown in the above definition (4.8), remains constant over time and is mostly
scale-invariant as k-independent.
Being the solution (4.9) formally described by two branches, we can focus on the positive
sign du+/dy that is consistent with the sign of the GR solution, as obtained in ref. [46].
Finally, eq. (4.5) becomes
(y+1)χ′′(y)+
δ1(4 + 5y)
2y
χ′(y)+δ2Q2k χ(y) = −24
δ3f0,ν
y2
∫ y
0
K[U(Y )−u(y)]χ′(Y ) dY, (4.11)
with χ(y) = χ[u(y)] the amplitude. The initial conditions are χ(0) = 0 and χ′(0) = 0. In
eq. (4.11), we point out the presence of the three rH parameters δj = δj(y), whose explicit
expression is
δ1 ≡
{
Z2y4(3y + 4)[4λ2(y)− λ21(y)]+ 2y(y + 1){−Qkκ(y)σ(y) + Z2y4[2λ2(y)
−λ1(y)λ′1(y)
]
+ Zy σ(y)[yλ′1(y) + 4λ1(y)]}− (5y + 4)σ2(y)}{
σ(y) (5y + 4)
[Zy2λ1(y)− σ(y)]}−1, (4.12)
δ2 ≡ (y + 1)
{
Zy2λ1(y)− σ(y)
}−2
, (4.13)
δ3 ≡
{
4Z2 y4λ2(y)− 2Z y2
[Zy2λ1(y)− σ(y)]λ1(y) + [Zy2λ1(y)− σ(y)]2}{
Zy2λ1(y)− σ(y)
}−2
, (4.14)
with
σ(y) ≡
√
y + 1−Z2 y4[4λ2(y)− λ21(y)] . (4.15)
The GR limit (2.3) of eqs. (4.12), (4.13), and (4.14) leads to δj = 1, and hence, we can
exactly recover the Einstein-Boltzmann equation obtained by ref. [46]. When compared to
such limit, eq. (4.11) exhibits important features that are worth examining.
First, the rH framework presents in eq. (4.11) the same integro-differential structure,
with respect to the amplitude χ, of the analogous result obtained for GR. Therefore, one now
needs facing the presence of the δj parameters, which make the attempt to computationally
solve eq. (4.11), without loss of generality, problematic. Indeed, up to now, such parameters
are a priori completely free as their structure is related to the rH free functions Gi through κ
and λi.
Second, though for GR the damping effects are unimportant during the matter dom-
inated era as δ3 = 1 and fν ∼ f0,ν/y → 0, our general result shows that δ3 can suppress
such decay, giving rise to non-vanishing effects in such era. One can consider this behavior
as an important phenomenological signature that distinguishes between the GR action and
modified gravity theories.
Finally, we observe that, in contrast to GR, eq. (4.11) relates χ and Qk by explicitly
involving cosmological parameters as the rH framework introduces the additional cosmological
coefficient Z.
In the next section, we briefly analyze the connection between the damping effects de-
scribed by eq. (4.11) and the various correlation functions that parameterize GWs signatures
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on CMB in the context of the rH framework. In this regard, according to what was dis-
cussed in refs. [46, 47], we deem relevant to asses which CMB multipole orders ℓk are mainly
dominated by such damping effects.
4.1 Multipole order effects
In this section we provide an analytic formula for ℓk, the CMB multipole order mainly involved
through the tensor damping effects of eq. (4.11) during the matter-radiation last-scattering
epoch tls.
Starting from eq. (3.19) and as directly resulting from its evaluation at the equivalence
redshift zeq, it follows that
H2(z) + λ1(z)H(z) + λ2(z) =
H2eqΠeq
E2eq
E2(z) . (4.16)
We point out that E2eq can be rewritten in a more direct fashion than the trivial evaluation
of eq. (3.20) at teq. The easier way to proceed is by applying the mathematical relation
ωeq,m = ωeq,γ + ωeq,ν, to get
E2eq = 2
(
1 + zeq
)3Ω0m
Ω0
. (4.17)
To now derive an explicit expression for H, one needs solving eq. (4.16) for H. The result is
H±(z) =
√
Πeq
Heq
Eeq
Σ±(z) , (4.18)
with
Σ±(z) ≡ − Eeq
2
√
ΠeqHeq
λ1(z)±
√
E2(z) +
E2eq
4H2eq
[
λ21(z)− 4λ2(z)
]
. (4.19)
Without loss of generality, we consider the positive branch H+ as consistent with the sign of
the GR solution obtained in ref. [46].
Subsequently, we evaluate expression (4.16) at t0, and as E
2
0 = 1, and obtain
Π0 =
1
E2eq
(
Heq
H0
)2
Πeq . (4.20)
Hence, by computing eq. (4.20) inside the definition of Qk proposed in eq. (4.8), we obtain
k
keq
=
√
Πeq
2
Qk , (4.21)
where we identify keq ≡ aeqHeq.
The main multipole order ℓk that receives a dominant contribution at the last-scattering
epoch tls can be defined as
ℓk ≡
dA,ls
als
k , (4.22)
with als ≡ a(tls) and dA,ls = dA(zls). In our notation, dA(z) corresponds to the so-called
angular distance that, as function of the redshift, is commonly defined as [15]
dA(z) ≡ 1
1 + z
∫ z
0
dz¯
H(z¯)
. (4.23)
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For the matter-radiation equivalence epoch, ℓeq ≡ ℓkeq , eqs. (4.21) and (4.22) give
ℓk =
√
Πeq
2
Qk ℓeq . (4.24)
Therefore, from eqs. (4.18) and (4.23), one may write a general expression for ℓeq as
ℓeq =
Eeq√
Πeq
(
1 + zeq
) ∫ zls
0
dz¯
Σ+(z¯)
, (4.25)
which, computed inside eq. (4.23), finally leads to
ℓk = ϑQk . (4.26)
In this result, we introduce the constant factor
ϑ ≡
√
2
Heq Eeq
1 + zeq
∫ zls
0
dz¯
{
− Eeq√
Πeq
λ1(z¯) +
√
4H2eq E
2(z¯) + E2eq
[
λ21(z¯)− 4λ2(z¯)
]}−1
, (4.27)
with Eeq defined in eq. (4.17) and Heq as well as Πeq deductible from eqs. (3.19) and (3.21),
respectively, evaluated at teq.
Against this framework, it is clear that ϑ can be seen as a conversion factor from ℓk to
Qk, which depends on cosmological parameters. The benefit of using such result lies on a
direct mathematical relation between the solutions of eq. (4.11) and the various values of ℓk
on which they depend through Qk. Interestingly, as in the case of the GR result of ref [46],
the rH framework preserves a linear dependence of ℓk on only Qk. In (4.27) the Z parameter
does not provide any contribution.
5 Discussion and Conclusions
In this paper we studied the propagation of cosmological GWs interacting with free-streaming
neutrinos within the framework of rH theories of gravity. Firstly, we deduced the covariant
scalar-tensor field equations of such theories; subsequently to ref. [46], we analyzed the prop-
agation of first-order tensor perturbations embedded in a spatially flat FLRW cosmology. We
also assumed the presence of first-order TT terms in the anisotropic stress energy-momentum
tensor sourced by free-streaming neutrinos.
Our analysis shows that the rH framework propagates damped GWs through the same
integro-differential equation of GR but weighted by three new parameters δ1,2,3. We de-
mostrate that the occurrence of δ3 can give rise to non-vanishing free-streaming damping
effects during the cosmological matter dominated era. This behavior could be an important
phenomenological signature that is able to highlight the action of modified gravity theories
beyond GR. Within the context of rH theories, we identify an analytic formula for the mul-
tipole orders ℓk with which free-streaming neutrinos damp the variety of tensor correlation
functions of the CMB.
As future generations of gravitational detectors such as LISA [42] and DECIGO [43]
could get closer to the experimental sensibility to detect cosmological GWs, we deem it of
fundamental importance that the combined impact of the two types of GWs modification
studied in this work, i.e. the modification of GR theory and the streaming of free cosmological
neutrinos, be further analyzed and examined to allow for an effective understanding of their
data.
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